A number of near-extremal conditions are utilized to simplify the equation of motion of the neutral scalar perturbations in generalized spherically symmetric black hole background into a differential equation with the Pöschl-Teller potential. An analytic formula for quasinormal frequencies is obtained. The analytic results are confirmed numerically by Asymptotic Iteration Method and Spectral Method. It is found that our simplification technique works regardless of the types of near-extremal limits and the approximation is very accurate. We have confirmed this statement with black holes and black strings. The analytic formula is then used to investigate Strong Cosmic Censorship conjectures (SCC) of the generalized black hole spacetime for the smooth initial data.
I. INTRODUCTION
A number of gravitational wave events has been detected by the Laser Interferometer Gravitational-Wave Observatory. The discovery of these gravitational waves confirms that the gravitational disturbances propagate through space at the speed of light [1, 2] . These waves carry encoded information in their oscillatory modes unique to the sources. Since the source loses energy in the form of gravitational waves, it is described by the so-called quasinormal modes (QNMs) where an associated frequency consists of real and imaginary part.
The real part refers to frequency of oscillation while imaginary part associates with decaying or growing (this happens when there is superradiance) characteristic time of the wave [3] .
It is possible to detect the quasinormal modes in various events such as falling of massive stars into a supermassive black hole and a merging of black holes or any highly compact objects to form a new black hole [4] . For merging binaries, the quasinormal modes of the merged object are found in the ring down and contain information about the mass, charge, spin, and other possible "hairs" of the final black hole. It is even possible to distinguish a black hole from a wormhole and other exotics from the emitted QNMs [5] [6] [7] .
The study of QNMs of black hole has a long story. A vast number of black holes in asymptotically flat, de-Sitter (dS) and Anti de-Sitter (AdS) spacetimes are studied in the context of QNMs (see [3, 4, 8] for a well-written review on this subject). Among those black hole backgrounds, extremal black holes are interesting by their own nature. An extremal black hole possesses zero surface gravity. Thus black hole's evaporation ceases when it reaches its extremal limit. An extremal Reissner-Nordström black hole is shown to have vanishing entropy despite having non-zero horizon area [9] . The stabilities of near-extremal black holes are also investigated by many authors. It is shown that extremal BTZ, charged and rotating black hole are all stable against small perturbations [10, 11] . Moreover, analytical study of QNMs of extremal Schwarzschild dS black hole is performed by using Pöschl-Teller technique [12, 13] . Later, QNMs of near-extremal Schwarzschild with positive cosmological constant is numerically calculated by Yoshida [14] .
Near-extremal black hole has recently received many attentions. It has been conjectured that the violation of strong cosmic censorship is closely related to the stability of the Cauchy horizon. In particular, it is shown that SCC might be violated in the near-extremal regime of Reissner-Nordström dS black hole [15] [16] [17] . In addition, the fate of SCC are studied in many contexts e.g. Kerr-Newman dS black hole [18] , fermionic field [19, 20] , non-minimally coupled scalar field [21] and recently in Born-Infeld dS black hole [22] .
In the previous work [23] , we study the QNMs of scalar perturbation on neutral dRGT black string in the near-extremal limit with positive cosmological constant. The scalar wave equation reduces to a well-known Pöschl-Teller [24] form in the small universe limit (where the event horizon approaches the cosmic horizon). An analytic formula for the quasinormal frequencies can then be obtained. In this paper, we extend our previous results by considering the near-extremal charged dRGT black holes and black strings with positive and negative cosmological constant. Not only in the near-extremal case where event horizon approaching the cosmic horizon, i.e., small universe scenario, but we also found that the approximation can be extended to the more generic cases of near-extremal black hole spacetime where the Cauchy approaching the event horizon but remotely separated from the cosmic horizon, i.e., large universe scenario. This paper is organized as follows. In section II, we explore various types of extremal black holes whose background parameters will be slightly altered to create near-extremal black hole condition. The near-extremal quasinormal modes of charged black holes in dS and AdS massive gravity background are analytically solved in section III. Numerical methods are used to confirm the analytic results. Both analytic and numerical results are compared in section IV for asymptotically dS and AdS background. Implications for SCC are analyzed in Section V. Analog black string is discussed in Sect. VI. Section VII concludes our work.
II. VARIOUS TYPES OF NEAR-EXTREMAL BLACK HOLE IN MASSIVE

GRAVITY BACKGROUND
The spacetime of charged black hole in dRGT massive gravity is given by [25] 
where
The mass and charge of the black hole are denoted by M and Q. The cosmological constant Λ, the parameter γ and ǫ are naturally generated from a graviton mass in dRGT massive gravity. The γ term is associated with universal acceleration of the test particle (similar effect to MOND [26] ) moving in the vicinity of the black hole and ǫ can be rescaled away if we assume the spatial flatness of the observed Universe [27] . We can also take this form to be the generalized spherically symmetric metric of the black hole spacetime and study it phenomenologically.
The metric function (2) We shall now analyze the numerical roots of f (r) in asymptotically dS case. In Fig. 1 , the parameter space of Q 2 and γ is shown. The ∃ r C , r H , r Λ is a region where f (r) has three positive real roots, thus black holes in this region possess three distinct horizons. The region labeled as naked-dS is a region where black hole has only one (cosmological) horizon. The boundary between ∃ r C , r H , r Λ and the upper naked-dS region in Fig. 1a is the extremal case where r C = r H . Another extremal case with r H = r Λ is illustrated as the boundary of the shaded area and the lower naked-dS region in Fig. 1a . Small shaded regions below and above these lines are the near-extremal conditions where r C ∼ r H and r H ∼ r Λ , respectively.
We notice that the case, where r H = r Λ which yields a very small physical spacetime region, vanishes for γ > 0 as displayed in Fig. 1b r Λ+ plays a similar role to the event horizon for another physical universe. This universe is asymptotically AdS and possesses only one horizon.
The numerical roots of f (r) with negative cosmological constant are investigated in Q 2 -γ parameter space. The results are shown in Fig. 3 . In Fig. 3a , the shaded area denotes the black holes with two positive real roots, r Λ− and r Λ+ . The naked-AdS area refers to the case where f (r) has no real root. The boundary between these areas is the extremal case for which r Λ− = r Λ+ . Below this extremal line is the near-extremal limit for black holes with From the analysis of γ-Q 2 parameter space, it is found that the extremal of the type r C = r H requires a very small amount of Q 2 once the value of γ becomes rather large. This property would reduce any back reaction applied on any charged particle being dropped into the black hole. It follows that a near-extremal black hole would be able to absorb greater range of charged particle in comparison with a near-extremal in other background.
As such, it might be possible to create an over-extremal spacetime from a sub-extremal black hole in massive gravity background. A process which has been heavily disproved in massless gravity theory [28] . One example of such process is shown in the seem absurdly high; the setting is physically sound for a black hole with huge amount of mass. Although both charges of the black hole and the test particle are quite small, the size of event horizon is also tiny. The test particle with sub-extremal q/m < 1 only needs to be injected with sufficient kinetic energy to overcome the Coulomb repulsion at the nearextremal horizon. Once the test particle passed the horizon, the spacetime should become over-extremal and the singularity at r = 0 could be exposed, at least momentarily if not permanently. The question becomes whether the spacetime fluctuations around the nearextremal horizon(s) (Cauchy and event horizons very close together) due to the absorption of test particle would result in a stable over-extremal spacetime with naked singularity or end up as a sub-extremal black hole spacetime after emission of energy through the QNM oscillations. We leave this interesting problem for future investigation.
III. ANALYTIC SOLUTION OF QUASINORMAL MODES FOR VARIOUS NEAR-EXTREMAL CHARGED BLACK HOLES IN MASSIVE GRAVITY BACKGROUND
In this section, we study wave equation of neutral scalar field in the near-extremal charged black holes in generalized spherically symmetric background. A neutral massive scalar wave equation in any spherically symmetric spacetime is described by
where the tortoise coordinate r * is defined by dr * dr = 1 f . Mass of the scalar field is denoted by m s . With the form of f (r) given by (2), the metric function has four roots regardless of whether they are real or complex numbers. We define these four roots as A, B, C and D which can be regarded as horizon if its value is a real positive number. For example, if we choose parameter in the "All Four Real Roots" region in Fig. 3 , then we can associate (A, B, C, D) with (r C , r H , r Λ − , r Λ + ). The metric can then be rewritten as
Let's suppose that A is one of the black hole horizon which corresponding surface gravity is
> 0. Therefore the surface gravity at the horizon A is
. By comparing the two expressions of f (r), (2) and (4), the following relations are obtained,
where τ = 1+ǫ. We are now considering the near-extremal limit. The root B is now assumed to be very close to A i.e., B → A. It is thus useful to consider the following approximations,
Then we expand the following term around A,
where p(A, C, D) is some function of A, C and D. By adding the next leading order of (r − A), the above expansion is valid in the range further away from the extremal horizon.
This expansion is performed to prevent our solution from overlapping with the near-horizon modes discussed in Ref. [29] , which is another generic class of QNMs of black hole. While the QNMs we calculate in this work are the all-region modes that can propagate through the whole physical spacetime region (i.e., WKB modes), the near-horizon modes only exist close to the corresponding horizons. It is interesting that in the near-extremal case, the two kinds of QNMs coexist along the same imaginary axis for neutral scalar perturbations as will be shown in subsequent Sections.
Using the above expansion, the tortoise coordinate can be expressed as
.
With the near-extremal condition (A ∼ B), the above equation can be approximated as,
where C 1 and C 2 are integration constants and
. It is therefore possible to express the radial coordinate r in term of tortoise coordinate r *
where C 2 is chosen to be −1 in the last step.
Notice that the above approximation only requires that the physical Universe is not bounded by the extremal horizons on both sides. In the case where the physical Universe is bounded by the extremal horizons on both sides, however, the following relationship is obtained, A > r > B. Since A ∼ B, the value of r can be approximated to A unless (r − A)(r − B) term is concerned. The tortoise coordinate can be expressed in term of r by utilizing the following method,
which would inevitably lead to the same result. The constant of integration is denoted bỹ C 1 andC 2 . Thus Eqn. (7) is valid regardless of the type of extremality.
From the above relations, the metric function may be expressed in the tortoise coordinate as,
Thus, the radial Klein-Gordon equation (3) becomes,
where,
The above potential is the well-known Pöschl-Teller potential [30] . By applying the boundary condition of quasinormal modes, the following associated quasinormal frequencies are obtained [24] ,
Remark that, the above solution is obtained with the only requirement for A and B to be real number. C and D can be either complex or real numbers without changing the result of our calculation.
A. Solutions in Asymptotically dS Background
In the vicinity of event horizon and cosmological horizon, general solution of (3) can be expressed as
Near the event horizon there is no outgoing wave whereas at the cosmic horizon there are both incoming and outgoing modes.
When Λ > 0, the background metric f (r) has four possible real roots namely, r − , r C , r H , r Λ . As shown in Section II, there are two kinds of extremality for this background; r C ∼ r H and r H ∼ r Λ . For the case of r C ∼ r H , A and B are chosen to be r H and r C while C and D can be either r − or r Λ . Since the physical Universe is covered by only one extremal horizon, the term (r − r − )(r − r Λ ) must be expanded around r H . The resultant quasinormal frequencies are thus given by (11),
As for the case of r H ∼ r Λ , we choose A to be r H and B to be r Λ . C and D are mapped to either r − or r C . With the physical universe enveloped by extremal horizons, the tortoise coordinate can be directly calculated from dr * = dr f (r) . The quasinormal frequencies are given by exactly the same formulae (13) and (14).
B. Solutions in Asymptotically AdS Background
For this case, the boundary condition at the event horizon is the incoming waves and at spatial infinity is zero for the scenario where the physical universe is in r > r Λ+ region.
However, the boundary condition changes to those of the asymptotically dS space given by (12) when we consider the scenario where universe has two horizons, i.e., in the region r H < r < r Λ− , with r Λ− playing the role of cosmic horizon.
The metric function f (r) can possess up to four distinct horizons when Λ < 0 i.e., r C , r H , r Λ− and r Λ+ . r C and r H behave identically to their counterpart in the dS background.
r Λ− is akin to r Λ from the dS background. r Λ+ is event horizon for the unbounded physical universe. While there are varieties of near-extremal black holes shown in Section II, for the purpose of finding the QNM formula; there are only three kinds of near-extremality we will consider. They are r C ∼ r H , r H ∼ r Λ− and r Λ− ∼ r Λ+ scenarios.
We now consider the near-extremal case where r C ∼ r H and r H ∼ r Λ− . For the latter case, the parameter A is set to r H and B is set to r Λ− . It turns out that the quasinormal frequencies formulas for both cases are identical to those of the dS case (13) .
For the final case where r Λ− ∼ r Λ+ , the root parameter A is set to be r Λ+ and B is set to be r Λ− . The quasinormal frequency is,
There is one special characteristic of quasinormal mode in this particular case. The pair of near-extremal horizons is connected to two different physical Universes. Since there is no physical constraints to prevent the above formula from functioning in both physical universes, the above formula is valid for QNMs in both regions. This statement leads to a very interesting conclusion. The inner physical Universe cannot perceive the existence of the r Λ+ and the external "universe". However, the quasinormal modes of the cosmic horizon in this Universe (r Λ− ) depends on the surface gravity of the associated horizon r Λ+ ≃ r Λ− in such a way that it can be determined very accurately by (15) , giving way for internal observers to know the extremality of their cosmic horizon with respect to the external universe in r > r Λ+ region. In this sense even though covered by horizons, two physical spacetime regions or "universes" are globally connected via the unique QNMs.
IV. NUMERICAL ANALYSIS OF QUASINORMAL MODES OF NEAR-EXTREMAL
BLACK HOLES IN MASSIVE GRAVITY BACKGROUND
In this section, QNMs of near-extremal dRGT massive gravity black hole with positive and negative cosmological constant will be calculated numerically. In the dS case, we shall employ the numerical method called Improved AIM (Asymptotic Iteration Method). For more details on this method, please refer to Ref. [23, [31] [32] [33] and references therein. On the other hand, the spectral method will be used for the AdS case. We refer interested reader to Ref. [34] and references therein for more details on the spectral method. We present some lower overtones of quasinormal frequencies (n ≤ 2) and the results are in agreement with the analytic formula discussed earlier. These are shown in Table I, II and III As mentioned earlier, when the term under the square root of (11) becomes negative, the quasinormal frequencies will be purely diffusive with vanishing real part. The negative square root term is guaranteed by setting V 0 /κ 2 A < 0. The condition can then be expressed as follow,
The above relation is plotted within the domain of 0.75 < Q < 1 and 0 < γ < 1 in Fig.   9 . By comparing these domains with the parameter space of black holes shown in Fig. 2 , we find that any near-extremal black holes within this range satisfy the "guaranteed purely diffusive " condition (16) . In these plots, the shaded areas are the regions where relation (16) holds. The upper right corner of these plots indicate the regions where f (r) has only one positive root. The near-extremal case is a small region below the extremal line completely enveloped by the shaded area. For this case of near-extremal black holes, all quasinormal modes are purely diffusive. The cosmological constant is chosen to be 0.03 and −0.03 in Fig.   9a and Fig. 9b respectively. It is obvious that Λ has a negligible effect on the parameter space of (16). This setting is merely a suggestion to reduce computing time. However, it is vital to choose thex point that is located within our physical Universe i.e., r H <r < r Λ (See [31] [32] [33] for more details). The diffusive modes of these near-extremal black holes are computed numerically and displayed in Table I When Λ is negative the quasinormal boundary condition drastically changes from the positive Λ case, therefore in this section, we shall employ spectral method to numerically investigate the QNMs of near-extremal black holes. We refer interested reader to Ref. [34] and references therein for more details on the spectral method. In Table III , we present numerical results of the QNMs of the near-extremal black holes. The parameters are appro-priately chosen such that the black holes exist with r Cauchy ∼ r Horizon . The numerical results are also compared with analytic formula (11) . They are shown to be in good agreement.
More interestingly, the results obtained from the Spectral Method are only consistent with the modes which negative sign of ω n in (11) is chosen. Notably the spectral method does not require a specification ofx which is crucial to AIM. For a charged black hole or Reissner-Nordstrom solution in GR, the central singularity is always covered by a Cauchy horizon for sub-extremal black holes. This Cauchy horizon naturally blueshifts any finite incoming waves from the outer region to an unbound magnitude rendering the background spacetime unstable. The instability leads to inextendibility of spacetime beyond the Cauchy horizon and thus preserves the SCC. As such, any singularity of the charged black hole should be covered by an unstable Cauchy horizon. However, the notion of "inextendibility" of spacetime has some subtlety, e.g. for smooth initial data with 1 > β > 1/2 (see definition below), the Cauchy horizon could be C r (r ≥ 1) inextendible while allowing the finite energy solution to pass across [37] . Also, the SCC could be respected for non-smooth initial data while violated for the smooth ones [38] .
Following a proposal in Ref. [15, 39] , the validity of C r and Christodoulou [40] versions of SCC for smooth initial data is determined by a parameter
where the spectral gap α = −Im ω of the longest living quasinormal mode and κ C is the surface gravity of Cauchy horizon. With β < 1 2 , the Christodoulou version of SCC (CSCC) holds. While the C 1 -SCC version only requires that β < 1. From our formula for quasinormal mode frequencies the parameter α is,
The symbol inf is called infimum that takes the smallest value of a subset. For the purpose of this paper, this symbol represents the smallest value of −Im ω n,l provided that the value is still positive. If −Im ω n,l is zero or negative, then the quasinormal mode is a constant or growing mode, which violates our definition of α.
It is shown in the master equation for the near-extremal quasinormal mode (11) that ω n depends on κ χ , where κ χ is the surface gravity of a near-extremal horizon whose value is positive. If the pair of extremal horizons does not contain a Cauchy horizon, then the following property holds,
since the surface gravity of near-extremal horizons are much less than the surface gravity of the Cauchy horizon. Therefore, both CSCC and C 1 -SCC hold for all near-extremal black holes whose Cauchy horizon is not a near-extremal horizon. Hence, for the rest of this Section, only the case where Cauchy horizon is also a near-extremal horizon is considered.
From Section II, multitude of loci of extremal condition are demonstrated in Fig. 1 and 3 for the dS and AdS cases respectively. By perturbing these locus lines, loci of near-extremal condition are obtained. The value of β can be evaluated along these loci and both conjectures can be subsequently verified. If the term under the square root sign of the QNM expression is positive, the formula of β is then simplified as
It is clear that n must be set to zero. This setting leads to the following relation, β 1/2, implying that both CSCC and C 1 -SCC are not violated. Fortunately for κ C / ∈ Near-Extremal horizon, all kinds of near-extremal background satisfy the following conditions simultaneously,
and thus CSCC and C 1 -SCC hold.
For the case where the term under the square root of Eqn. (11) is negative, the value of β is much more complicated to inspect. Let us choose the negative sign for the square root sign (i.e. the square root gives negative imaginary value). For this case, the β has the minimum value if n = 0. Since both κ χ and κ C are both extremal horizons, κ χ /κ C 1.
While the exact value of the term under the square root is yet to be calculated, we know from previous numerical calculation that V 0 /κ 2 χ < 0 and thus β ≥ 1. Hence, the positive sign of the square root must be chosen to explore the validity of both versions of SCC. Before any further investigation is made, it is useful to consider the following statement. Since the mass of black hole M is set to one and the ratio of scalar mass to the black hole mass should be small to avoid the backreaction, m s ≪ 1 approximation can be imposed. Moreover, since only the m 2 s ≪ 1 term appears in the formula for β, the massless approximation can be employed without much loss of generality. With the relation, R ≡ κ χ /κ C 1, the formula for β is simplified as the following,
We then define an auxiliary function H(τ, M, Q, γ, Λ) = − 1 r χ γ + τ − 2Q 2 /r 2 χ . This function contains all the spacetime parameters. The β becomes,
From the condition of CSCC,
leading to the constraint n(n + 1) l(l + 1) > H > n(n + 1)
The parameter H is then being calculated along the near-extremal loci given in Fig. 1 and 3 .
By simply show that the upper and lower bounds from (21) can cover all ranges of possible H, the CSCC would be proven to be valid.
A. The Strong Cosmic Censorship Conjectures for near-extremal Black Holes in asymptotically dS space
In this case, only the near-extremal black holes of the kind r C ∼ r H need to be considered.
The CSCC for r H ∼ r Λ near-extremal case automatically holds since it satisfies (19) . By setting M = 1 and Λ = 0.03, the extremal line can be plotted in Q 2 -γ parameter space as shown in Fig. 1 . The parameter H is then being calculated along the near-extremal locus in Fig. 1 (a) and (b).
The plot between H and γ is shown in Fig. 10 . From this information, the following sets of n and l are used to calculate the upper and lower bounds of H as shown in Table IV .
(n,l) n 2 −1/4 l(l+1) n(n+1) l(l+1)
(1,1) 3 8 1 (3,5) (1,2) For the asymptotically Anti de-Sitter background, it is best to differentiate a case where γ is positive and negative. If γ is positive, the only term in the metric f (r) whose value can be negative is −2M/r term. While this suffices to create a region with negative value of f (r) and two horizons, it is not enough to allow existence of more than two positive real roots. Hence, there is only one case of near-extremal black hole to be considered, r C ∼ r H .
As shown in Fig. 1 and 3 , the near-extremal conditions of this kind are each represented by a curve that is quite similar to the asymptotically de-Sitter case. Since the numerical value of Λ is small, the effect of Λ is dominated by all other parameters. Hence, the value of H along this line behaves very similar to its counterpart in the de-Sitter case. The sets of bounds from the previous section can be used to verify the validity of the SCCs for positive γ case.
In the case of γ < 0, there are two curves of near-extremality to be inspected. As shown in Fig. 3 , there are three loci of extremality. However, one of them embodies the extremal of the type r H ∼ r Λ− , an extremal condition which automatically satisfies the SCCs. First, we evaluate parameter H along the left-to-right extremal curve of Fig.3 (b) (21). Lastly, the vertical extremal curve in Fig. 3 (b) is considered. The domain of γ is −0.094 to −0.043672 for this case. Function H still has a similar monotonic property varying in the range 1.16408 < H < 0.059327. From Table IV , the bounds are found to cover the range of values from 1 to 35 288 ≃ 0.1215. We simply need to extend the coverage range with a set of parameter shown in Table V . On the other hand, the range of 1.075 to 1.16408 has (n, l) Lower Bounds n 2 −1/4 l(l+1) Upper Bounds n(n+1) l(l+1) (3, 9) (21), it is apparent that the validity of both versions of SCC also depends on a parameter R. In the last two Sections, this parameter is being approximated to unity. As a check, the value of R was being evaluated along the same loci of near-extremality for each case. It is found that the value of R is generally less than 1 by a factor of 10 −4 . The effect of R on the bounds from (21) is thus in the order of 1 × 10 −3 when compared to the value obtained using R = 1 approximation. Since each set of bounds will be overlapped by a larger margin for R < 1, this approximation is justified.
Interestingly for a near-extremal case where r C ∼ r H , as the value of γ decreases, the black hole may become a double near-extremal of the kind r C ∼ r H ∼ r Λ(Λ−) . In this range of values of γ, it is important to verify whether the black hole is locally near-extremal with R ≃ 1. If for example |r C − r H | ∼ |r H − r Λ(Λ−) |, the black hole is not locally near-extremal and the value of R cannot be approximated to 1. In this case, the master formula (11) (n, l) = (1, 1) and lower bound of (n, l) = (130, 129)) as shown in Fig. 11 . This occurs at e.g. 
VI. BLACK STRINGS IN THE NEAR-EXTREMAL LIMITS
In standard general relativity (GR) with negative cosmological constant, there exists a cylindrically symmetric solution, i.e., a black string. However, in the dRGT massive gravity theory, the effect of graviton mass also allows the existence of black string in the asymptotically dS background which is not possible in GR. The metric of the dRGT black string is given by [41] ,
The Klein-Gordon equation in radial direction takes the form [23] ,
where ω, k and λ are the frequency, the wave number and angular quantum number of the scalar perturbation respectively. The scalar wave equation of the black hole case (3) is related to the black string by the following replacement
Therefore, the formula for the quasinormal frequencies in the black string case is simply given by
The subscript χ represents an extremal horizon whose surface gravity is positive. Similar to the black hole case, the approximation formula is confirmed by utilizing AIM (for dS and AdS) and the Spectral Method (for AdS). We find that the formula works very well for ∆r/r χ < 0.02, where ∆r is the difference between the pair of near-extremal horizons.
VII. CONCLUSIONS AND DISCUSSIONS
In this work, an approximation formula for QNMs of near-extremal black hole in generalized spherically symmetric spacetime is derived by utilizing the Pöschl-Teller potential.
Extending the domain of validity of the approximation used in Ref. [12] from the small universe scenario where the event horizon approaching the cosmic horizon, the approximation formula is shown to be valid for any near-extremal scenarios where any two of the horizons approaching one another. This includes the scenario where Cauchy horizon approaching the event horizon while remotely separated from the cosmic horizon, i.e., the large universe scenario in the presence of near-extremal black hole. In the generic near-extremal limits, the Klein-Gordon wave equation takes a simplified form,
It is well-known that this kind of differential equation has an exact solution with the complex frequencies ω n = κ χ ± V 0 κ 2 χ − 1 4 − n + 1 2 i .
The above formula can be used to calculate quasinormal modes of near-extremal spherically symmetric black holes and non-rotating black strings for various near-extremal conditions.
Numerical calculations by AIM and spectral method are performed to confirm the validity of the approximation formula for asymptotic dS and AdS cases.
It is found in Ref. [34] that there are three kinds of QNMs in the generalized black hole spacetime, near-event-horizon, near-cosmic-horizon, and all-region (or WKB) modes.
All the results considered throughout this work are the QNMs of the all-region mode of the near-extremal black hole since the corresponding solutions are derived from the approximate Pöschl-Teller-type potential. There are also near-horizon modes which do not obey Eq. (11) but rather the formulae given in Ref. [29] . All of the three kinds of modes appear in numerical analyses using AIM. The existence of different kinds of quasinormal frequencies suggests that other than parameters of black hole (mass, charged and spin) the observed quasinormal frequencies also depend on the location of their origin. It would be interesting
to explore under what circumstances each type of QNMs will be produced and whether we can observe every type of QNMs from actual events of black hole ringdown.
In the near-extremal case of GR-type charged black hole with γ = 0, the CSCC (Christodoulou version of SCC) is found to be violated for certain range of BH parameters as shown in 
